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Text book Algebra p.218 Q6

Express sin99

- as a polynomial in cos 0.
sin®

Hence deduce that sec? =+ sec? 2n +sec’ an_ 36 and secﬁsecz—nsec4—n =8.
9 9 9 9 9 9

Letz=cos 0 +isin0=c+is, where ¢ =cos 0, S =sin 0

7% = cos 90 + i sin 90 = (¢ + is)’

Compare the imaginary parts of both sides:

sin 90 = 9¢® — 84c’s® + 126¢%s — 36¢%s” + §°

s 996 = 9¢% — 84 ¢5(1 — c2) + 126¢*(1 — c2)2 = 36¢X(1 — ¢2)* + (1 — c?)*
Sin
=9c® — 84 c® + 84c® + 126¢*(1 —2¢2 + ¢*) — 36¢%(1 — 3¢? + 3¢* — ¢®) + (1 — 4c? + 6¢* — 4cb + ¢®)
=256 cos® 0 — 448 cos® 0 + 240 cos* 8 — 40 cos® 0 + 1
Let 51?196 =0, then 90 =mn and sin 6 = 0
sin O
mn

927,m21,2,3,4,5,6,7,8

C=cos% is a oot of 256 C° — 448 ¢6 + 240 ¢* — 40 2+ 1 =0

81 T T 27 6m 3n 5m 47
Note that cos— = —cos—, cos—= —C0S—, COS— = —COS— , COS— = —COS —
9 9 9 9 9 9

cosz% (m=1, 2,3, 4) are roots of 256x* — 448 x> + 240 x> —40x+1=0

. . 1
Consider the transformation y =—,
X

256 448 240 40

sec? % (m=1, 2,3, 4) are roots of } - - +1=0
9 y y y y

i.e. y* —40y® +240y> — 448y + 256 =0

In particular, m = 3, secz% = secz%c = seczgz 4

T 271 47
sec’ §+ sec’ ?+ 4 +sec? o = sum of roots = 40

. sec? 4 sec? 2n +sec? 4m_ 36
9 9 9

sec’ gsec2 2?TE~4~sec2 %T= product of roots = 256

T 27 47
sec—sec—sec— =38
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Prove that the roots of X* ++/7x> =7x++/7 =0 are tang, tan27n, tan47n.
Letc=co0s0,5=sin0,z=c+is
77 =(c+is)’
cos 70 + i sin 70 = ¢’ + 7i % — 21 ¢’s? — 35ic*s® + 35¢3¢c* + 21ic%s® — 7¢s® — is”
Compare the real aprts and the imaginary parts,
cos 70 = ¢’ — 21 ¢’s? + 35¢°¢* — 7cs®
sin 70 = 7¢% — 35¢%s® + 21¢%s> — &7
sin70 _ 7¢’s—35¢*s’ +21¢’s’ —s’
cos70 ¢’ —21¢’s* +35¢’s* —7cs®
Let t = tan 0; divide the numerator and the denominator by ¢’.
7t-35t7 +21t° -t
1-21t* +35t* - 7t°

Consider tan 70 =

tan 70 =

Lettan 70 =0 = 9=¥,Where m eZ

Tt-358 +210 -t'=0

t(t® — 21t* + 35t2 — 7) = 0, the roots are 0, J_rtang, J_rtan27n, J_rtan377T )

47 3n 3n
-’ tan—=tan(nm —— ) = —tan—
7 7 7

. The roots of t® — 21t* + 35t = 7 =0 are itang, itan27n, itan%.

10— 21t + 3562 -7 = (t - tang)(t - tan27n)(t - tan47n)(t + tang)(t + tan27n)(t + tan4—7n)

Let x = t2, then the roots of x> —21x%>+35x — 7 =0 are tanzg ) tan227n, tanzg.

By long division,

021t +35¢ = 7 =(t* + 72 = 7t + 7 ) ~ V7 =Tt =7

X +\/7X2 —TX+ \/7 =0 has roots a, 3, y; where they are three out of itang, itan%, itan4—7n.
a+Bry=—A7<0 oo (1)
aB+By+ay:_7<0 ...... (2)
aBy:—ﬁ< 0o ... (3)

From (3), either two positive roots and one negative root or three negative roots.

If all roots are negative, i.e. . <0, 3 <0,y <0

then (2) implies =7 = af + By + ay > 0, which is a contradiction

Without loss of generality, assume o > 0, 3 >0,y <0

Replace t by —t in the first factor gives (—t3 +ATE + T+ \/7)2— (t3 7t =7t - \/7)

.. The roots of the second factor (t3 —J7t -7t —\/7)2 0is —a, B, .

T 27 41 LT T 27 47 LT . 2n 27 41 LT
COS—COS— COS— = 281N —CO0S—COS— COS— =+| 2sin— |=2sin—coS—CcoS— =| 4sin—
7 7 7 7 7 7 7 7 7 7 7 7

. 4n 4 LT . 8m LT LT LT 1
=28in—cos— | 8sin— |=sin— +| 8sin— |=—sin—+| 8sin— |=——
7 7 7 7 7 7 7 8
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To find —8sin£sin2—nsinﬂ.

2’ -1

z—1
7" =cos 2km + i sin 2km, k=-3,-2,-1,1,2,3

Consider 2+ 22+ 24+ 22+ 22 +z2+1=0> =0,z#1

z:cose+isin60rz=c056—isin@,where@z@,kz1,2,3

Quadratic factors are (Z — cos 0 + i sin 0)(z —cos 0 —isin 0) =7> -2z cos 0 + 1

P+ ++ 3+ 22+ 1= -2 cos27nJr 1)(Z* -2z cos4—7n+ 1)(z* -2z COS%‘F 1)

Putz=1:7=2-2 cos27n)(2 -2 cos47n)(2 -2 cos%) =8(1 - cos27n)(1 — cos%)(l — cos67n)

zz(l—l+2sin2£)(l—l+2sin22—nj(1—1+2sin23—nj

8 7 7 7
2

73 sinEsinz—ﬂsin“—TE (. sin23—n= sin24—n

8 7 7 7 7 7

.M. 2n . 4m \/7

sin—sim—sm—=+——

7 7 7 8

sin£> 0, sinz—n> 0 and sin4—n> 0
7 7 7

sinﬁsinﬁsinél—nzﬁj —88in£sin2—nsin4—n:—ﬁ
7 7 7 8
n o 2n, 4n . m . 2w . 4m T 2n 4n
tan7tanTtan7=sm7s1n751n—+cos—cos—cos—=—\/7

2 4
. The roots of X° +/7x2 =7x++/7 =0 are tang, tanTE, tan -~

C:\Users\twhung.CLSMSS.002\Dropbox\Data\MathsData\Pure_Maths\Complex Number\Notes\complex note.docx =~ Page 3



